Hamiltonian analysis for abelian and non-abelian massive theories in
  three dimensions by Escalante, Alberto & Osio, José L.
ar
X
iv
:1
31
0.
37
58
v1
  [
he
p-
th]
  2
7 S
ep
 20
13
Hamiltonian analysis for abelian and non-abelian massive theories in
three dimensions
Alberto Escalante∗ and Jose´ L. Osio†
Instituto de F´ısica Luis Rivera Terrazas, Beneme´rita Universidad Auto´noma de Puebla,
(IFUAP). Apartado postal J-48 72570 Puebla. Pue., Me´xico, 20 octubre 2009
(Dated: July 4, 2018)
A pure Dirac’s method for abelian and non-abelian massive theories in three dimensions is per-
formed. Our analysis is developed on the extended phase space reporting the relevant structure
of the theories, namely, the extended action, the extended Hamiltonian, the full structure of the
constraints and the counting of degrees of freedom. In addition, we compare our results with those
found in the literature.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
Topological field theories are characterized by being devoid of local degrees of freedom. That is,
the theories are susceptible only to global degrees of freedom associated with non-trivial topologies
of the base manifold and the gauge bundle [1, 2]. Examples of topological field theories, are those
called BF theories. These theories were introduced as generalizations of three-dimensional Chern-
Simons actions or in other cases, can also be considered as a zero coupling limit of Yang-Mills [YM]
theories [3, 4]. The importance for studying topological actions has been motived in several contexts
of theoretical physics given that have a closed relation with physical theories, for instance it is well-
know that from the Chern-Simons topological action arises a topological mass when it is added to
actions just as electrodynamics or gravity in three dimensions [5, 6]; at quantum level an infrared
cut-off cures the infrared problem without disturbing the ultraviolet or gauge properties of those
theories. On the other hand, in [7] it is reported an analysis of specific limits in the gauge coupling
of topological theories yielding a pure YM dynamics in four and three dimensions. In this respect,
in the four-dimensional case nonperturbative topological configurations of the gauge fields is defined
having a important role in realistic theories as for instance quantum chromodynamics. Furthermore,
the thee dimensional case is analyzed at Lagrangian level, and the action is the coupling of BF -like
theories in order to generalize the quantum dynamics of YM and thus provide possible extensions
to the quantum dynamics of three dimensional gravity.
With these antecedents in mind, the purpose of this paper is to report a pure Dirac’s method of
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2constrained systems for the three dimensional topologically massive actions purposed in [7]. The
approach developed in this work, is quite different to the standard Dirac’s analysis where usually the
dynamical variables are considered only those that occurs in the action with temporal derivative.
With the terminology ”a pure Dirac’s method” we mean that we will consider in the Hamiltonian
framework that all the fields that define our theory are dynamical ones; this fact will allow us to
find the complete structure of the constraints, the equations of motion, gauge transformations, the
extended action as well as the extended Hamiltonian. Hence, in our approach we obtain results that
extend those reported in [7]. It is important to remark that in the case of three dimensional tetrad
gravity, in despite of the existence of several articles performing the hamiltonian analysis in the
standard approach, there exist problems in order to report the correct gauge transformations of the
theory [8]; in some papers it is written that the gauge symmetry is Poincare´ symmetry [9], in others
that is Lorentz symmetry plus diffeomorphisms [10–13], or that there exist various ways to define
the constraints leading to different gauge transformations [14]. In fact, in [14] by using variables
defined on the spacetime, the total Hamiltonian does not have a direct geometrical meaning. Hence,
the constraints are replaced by equivalent ones, however this fact yield different gauge symmetry.
Furthermore, in 4D-gravity there exist similar problems; we are able to realize that developing the
Hamiltonian approach on a smaller phase space context, the structure obtained for the constraints
is not right [15–17]. In fact, we observe in [18] that the Hamiltonian constraint for Palatini theory
do not has the required structure to form a closed algebra with all constraints; this problem emerges
because of by working on a smaller phase space context we lose control on the constraints, and to
obtain the correct structure sometimes they need to be fixed by hand. We think that a pure Dirac’s
formalism is the best tool for solving these problems in order to know the correct constraints and
therefore the correct gauge symmetry. In this manner, we develop in this paper all the Dirac’s steps
and we report a complete hamiltonian description of the models studied in [7].
The paper is organized as follows: In Section II, we perform a pure Dirac’s method for the abelian
massive Govaerts’s model, we develop a complete analysis and we report the extended action, the
full constraints program, the gauge transformations and the Dirac’s brackets structure. In Section
III, we extend the results found in previous sections for a non-abelian theory; we report the extended
action, the full constraints program and we perform the counting of physical degrees of freedom. In
Section IV we discuss on remarks and conclusions.
II. HAMILTONIAN DYNAMICS
In this section, we will perform the hamiltonian analysis of the theory reported in [7] given by
S[A,ϕ] =
∫
M
d3x
{
1
2
εµνρϕµFνρ +
1
2
e2ϕµϕ
µ +
1
2
NεµνρAµFνρ
}
, (1)
where e and N are coupling constants, ϕµ is a dynamical field, the curvature tensor Fµν is defined
as usual Fµν = ∂µAν−∂νAµ, the µ, ν = 0, 1, 2 are spacetime indices and x
µ are the coordinates that
label the points for the three-dimensional Minkowski manifold M with signature ηµν = (−1, 1, 1).
3As we have commented above, a complete Hamiltonian analysis of the action (1) has not been
developed, and becomes to be an important step to understand the symmetries of the theory in
both classical and quantum regimen. It is important to remark, that is not common develop a pure
Dirac’s method for field theories (working with the complete phase space). The principal reasons for
studying the Hamiltonian formalism under a smaller phase space context (standard Dirac’s approach)
and not carried out on the complete phase space, is because the separation of the constraints into
first or second class is not easy to carry out. In this manner, in the literature we find that the
people prefer to work on a smaller phase space context because generally there are present only first
class constraints and is common to avoid the difficult part of the separation among the constraints
in first and second class. The price that we pay by working on a smaller phase space context is
that we can not neither know the complete form of the constraints, the complete form of gauge
transformations defined on the full space phase nor the complete algebra among the constraints
for the theory under study. For instance, for BF theory there exist several studies developed on
a smaller phase space context, however in [15] it has been reported the complete structure of the
constraints on the full phase space by using a pure Dirac’s approach. Of course, by working with
the full configuration space we are able to reproduce the results obtained by working on a smaller
configuration space. Hence, it is mandatory to develop a complete Dirac’s analysis meaning that all
steps of the Dirac formulation must be performed [8]. It is well-know that if some of Dirac’s steps
are ignored or implemented incorrectly, we lose the control of the relevant symmetries of the theory;
the constraints, the extended action and gauge symmetry [15].
The equations of motion obtained from the variation of (1) are given by
1
2
ǫµνρFνρ + e
2ϕµ = 0,
∂νF
νµ −
Ne2
2
⋆ Fµ = 0, (2)
where ⋆Fµ = 1
2
ǫµνρFνρ. Hence, by substituting the first equation of motion in the second, we obtain
(
+ 2
(
Ne2
)2)
⋆ Fµ = 0, (3)
thus, the equations of motion represent a massive gauge field and there is not reference for the
vector potential. It is important to comment, that in the limit e→ 0 the action (1) becomes to be
a topological one, this means, in the limit the theory is devoid of physical degrees of freedom. In
fact, the first term of (1) is BF -type and the third is the conventional Chern-Simons action.
For our aims, we perform the 2+1 decomposition, thus, the action (1) takes the following form
S[A,ϕ] =
∫
d3x
{
1
2
εµνρ
(
ϕµ +NAµ
)
Fνρ +
1
2
e2ϕµϕ
µ
}
=
∫
d3x
{
1
2
ηijϕ0Fij +
e2
2
ϕ0ϕ
0 + A˙iη
ij(ϕj +NAj) +A0η
ij(∂iϕj + 2N∂iAj)
+
e2
2
ϕiϕ
i
}
, (4)
4where ε0ij ≡ ηij . A pure Dirac’s analysis calls for the definition of the momenta (Πµ, πµ) canonically
conjugate to (Aµ, φµ) 

Π0 = ∂L
∂A˙0
= 0,
Πi = ∂L
∂A˙i
= ηij
(
ϕj +NAj
)
,
π0 = ∂L
∂ϕ˙0
= 0,
πi = ∂L
∂ϕ˙i
= 0.
(5)
The Hessian of the Lagrangian is given by
HAB ≡
∂2L
∂Q˙A∂Q˙B
= 0 . (6)
where QA and P
A will label the sets of variables {Aµ, φµ} and {Π
µ, πµ} respectively. The rank of
the Hessian is zero, therefore we expect six independent primary constraints given by

Φ0 = Π0 ≈ 0,
Φi = Πi − ηij(ϕj +NAj) ≈ 0,
φ0 = π0 ≈ 0,
φi = πi ≈ 0.
(7)
In order to obtain independent primary constraints, they must satisfy the regularity conditions.
Such conditions are given by the following Jacobbian matrix
∂
(
Φ1α, φ
1
α
)
∂
(
QA, PA
) =


0 0 0 0 0 0 1 0 0 0 0 0
0 0 −N 0 0 −1 0 1 0 0 0 0
0 N 0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1


, (8)
which has constant rank on the constraints surface. In this manner, the regularity conditions are
satisfied.
The canonical Hamiltonian is defined by
Hc =
∫
d2x
{
Q˙AP
A − L
}
=
∫
d2x
{
A˙αΠ
α + ϕ˙απ
α − L
}
=
∫
d2x
{
−
1
2
ϕ0η
ijFij −
e2
2
ϕ0ϕ
0 −A0(∂iΠ
i +
N
2
ηijFij)−
e2
2
ϕiϕ
i
}
, (9)
here, Fij = ∂iAj − ∂jAi. On the other hand, the primary Hamiltonian of the theory is given by
HP (x) = H(x) +
∫
d2x(λαΦ
α + βαφ
α) (10)
where λα and βα denotes a set of Lagrange multipliers enforcing the primary constraints {Φ
α, φα}.
The fundamental Poisson brackets of the theory are defined by
[
Aα(x
0, x),Πβ(x0, y)
]
= δβα δ
2(x− y),
[
ϕα(x
0, x), πβ(x0, y)
]
= δβα δ
2(x− y). (11)
5Now, we need identify if the theory presents secondary constraints. For this purpose, we compute
the 6 × 6 matrix whose entries are the Poisson brackets among the primary constraints (7)
[
Φ0(x),Φ0(y)
]
= 0,
[
Φ0(x),Φi(y)
]
= 0,
[
Φ0(x), φ0(y)
]
= 0,
[
Φ0(x), φi(y)
]
= 0,
[
φi(x), φj(y)
]
= 0,
[
Φi(x), φ0(y)
]
= 0,
[
Φi(x), φj(y)
]
= −ηijδ2(x− y),
[
Φi(x),Φj(y)
]
= −2Nηijδ2(x − y),
[
φi(x), φ0(y)
]
= 0, (12)
by calling ∆ ≡ (Φα, φα), the matrix takes the form
[
∆(x),∆(y)
]
=


0 0 0 0 0 0
0 0 0 0 0 −1
0 0 0 0 1 0
0 0 0 0 0 0
0 0 1 0 0 −2N
0 −1 0 0 2N 0


δ2(x− y).
This matrix has rank=4 and 2 null vectors, so we expect 2 secondary constraints. In fact, from the
temporal evolution of the constraints (7) and the contraction with the 2 null vectors, it follows that
the following 2 secondary constraints arise
φ˙0 = [φ0(x), HP (y)] ≈ 0 −→ Λ
0 : e2ϕ0 +
1
2
ηijFij ≈ 0, (13)
Φ˙0 = [Φ0(x), HP (y)] ≈ 0 −→ Σ
0 :
N
2
ηijFij + ∂iΠ
i ≈ 0, (14)
and the rank allows us to fix the following 4 Lagrange multipliers
Φ˙i = [Φi(x), HP (y)] ≈ 0 −→ λi = e
2ηliφ
l, (15)
φ˙i = [φi(x), HP (y)] ≈ 0 −→ βi = −2Ne
2ηijϕ
j − ∂iϕ
0. (16)
For this theory there are not third constraints. In this manner, we have found
Primary Constraints


Φ0 = Π0 ≈ 0,
Φi = Πi − ηij(ϕj +NAj) ≈ 0,
φ0 = π0 ≈ 0,
φi = πi ≈ 0,
Secondary Constraints


Λ0 = N
2
ηijFij + ∂iΠ
i ≈ 0,
Σ0 = e2ϕ0 + 1
2
ηijFij ≈ 0,
Lagrange multipliers βα, λα


β0 = unknown,
λi = e
2ηliϕ
l,
λ0 = unknown,
βi = −∂iϕ
0 − 2Ne2ηijϕ
j .
6By following with the method, we need to separate from the primary and secondary constraints
which ones correspond to first and second class. In order to archive this aim, we need to calculate
the Poisson brackets among primary and secondary constraints which are given by the following 8×8
matrix


Φ0(y) Φ1(y) Φ2(y) φ0(y) φ1(y) φ2(y) Λ0(y) Σ0(y)
Φ0(x) 0 0 0 0 0 0 0 0
Φ1(x) 0 0 −2Nδ2(x− y) 0 0 −δ2(x− y) ∂(x)2δ
2(x− y) 0
Φ2(x) 0 2Nδ2(x− y) 0 0 δ2(x− y) 0 −∂(x)1δ
2(x− y) 0
φ0(x) 0 0 0 0 0 0 e2δ2(x− y) 0
φ1(x) 0 0 −δ2(x− y) 0 0 0 0 0
φ2(x) 0 δ2(x− y) 0 0 0 0 0 0
Λ0(x) 0 −∂(x)2δ
2(x− y) ∂(x)1δ
2(x− y) −e2δ2(x− y) 0 0 0 0
Σ0(x) 0 0 0 0 0 0 0 0


This matrix has rank=6 and nullity=2, consequently there are 2 first class constraints (Φ0,Σ0) and 6
second class constraints (φ0,Φi, φi,Λ0). Because of there are six second class constraints, this implies that
must be identified six Lagrange multipliers, and we will work out in later lines on this step. In review, we
have found
1st Class Constraints= 2 2nd Class Constraints=6 Lagrange Multipliers
γ1 ≡ Φ0 = Π0 β0 = unknown
γ′0 ≡ Σ0 = N
2
ηijFij + ∂iΠ
i λi = e
2ηliϕ
l
χ0 ≡ φ0 = π0 λ0 = unknow
χi ≡ Φi = πi βi = −2Ne
2ηijϕ
i − ∂iϕ
0
χ′i ≡ φi = Πi − (ηijϕj +Nη
ijAj)
χ′0 ≡ Λ0 = e2ϕ0 + 1
2
ηijFij
Therefore, we procedure to calculate the physical degrees of freedom as follows; there are 12 canoni-
cal variables, two first class constraints and six second class constraints, thus, there is one physical degree
of freedom as expected.
On the other hand, in order to obtain the extended action we must determine the unknown Lagrange
multipliers. For this aim we will use the matrix whose entries are the Poisson brackets among the second
class constraints, namely Cαβ , thus the Lagrange multipliers will be determined by using [16, 17]
u¯
α(y) ≈ −
∫
d2x [H(y), χα(x)]C
−1
αβ (x, y) , (17)
where C−1αβ is such that ∫
d2z Cαγ(x, z)C
−1
γβ (z, y) = δ
β
α δ
2(x− y) .
7Hence, the Cαβ matrix is given by
Cαβ = [χα, χβ ] =


0 0 0 0 0 e2
0 0 0 0 −1 0
0 0 0 1 0 0
0 0 −1 0 −2N ∂(x)2
0 1 0 2N 0 −∂(x)1
−e2 0 0 −∂(x)2 ∂(x)1 0


δ
2(x− y) ,
and calculating the inverse matrix C−1αβ ≡ C
αβ turns out to be
C
αβ =


0 −
∂(x)1
e2
−
∂(x)2
e2
0 0 − 1
e2
∂(x)1
e2
0 −2N 0 1 0
∂(x)2
e2
2N 0 −1 0 0
0 0 1 0 0 0
0 −1 0 0 0 0
1
e2
0 0 0 0 0


δ
2(x− y) . (18)
In this manner, by using (17) and (18) the Lagrange multipliers are given by
β0 = ∂iϕ
i
, (19a)
βi = −2Ne
2
ηijϕ
j − ∂iϕ
0
, (19b)
λ0 = 0, (19c)
λi = e
2
ηjiϕ
j
, (19d)
therefore, all Lagrange’s multipliers have been determined.
With all those results at hand, we are able to identify the Dirac bracket among two functionals on the phase
space, namely F,G, by means of
{
F (x),G(y)
}
D
=
[
F (x),G(y)
]
P
−
∫
dzdz′
[
F (x), χα(z)
]
C
αβ(z, z′)
[
χβ(z
′), G(y)
]
, (20)
where
[
F (x),G(y)
]
P
is the Poisson bracket among the functionals F and G, χα are the second class con-
straints and Cαβ is given by (18). In this way, the Dirac’s brackets of the dynamical variables (QA −→ Aµ,
ϕµ) and (P
A −→ Πµ, πµ) are given by{
QA(x),QB(y)
}
D
=


A0(y) A1(y) A2(y) ϕ0(y) ϕ1(y) ϕ2(y)
A0(x) 0 0 0 0 0 0
A1(x) 0 0 0 0 0 1
A2(x) 0 0 0 0 −1 0
ϕ0(x) 0 0 0 0
∂(x)1
e2
∂(x)2
e2
ϕ1(x) 0 0 1 −
∂(x)1
e2
0 2N
ϕ2(x) 0 −1 0 −
∂(x)2
e2
−2N 0


δ
2(x− y)
8{
QA(x), P
B(y)
}
D
=


Π0(y) Π1(y) Π2(y) π0(y) π1(y) π2(y)
A0(x) 1 0 0 0 0 0
A1(x) 0 1 0 0 0 0
A2(x) 0 0 1 0 0 0
ϕ0(x) 0 −
∂(x)2
e2
∂(x)1
e2
0 0 0
ϕ1(x) 0 −N 0 0 0 0
ϕ2(x) 0 0 −N 0 0 0


δ
2(x− y),
and
{
PA(x), PB(y)
}
D
= 0.
Furthermore, the identification of the constraints and the Lagrange multipliers will allow us to identify the
extended action. This step is important because we will able to identify the extend Hamiltonian, that will
be used in the quantization scheme in forthcoming works. In fact, by using the first class constraints, the
second class constraints, and the Lagrange multipliers (17a-17d) we find that the extended action takes the
following form
SE
[
ϕµ, π
µ
, Aµ,Π
µ
, uα, vβ
]
=
∫
d4x
{
ϕ˙µπ
µ + A˙µΠ
µ −H− u0Π
0
− u′0
(
∂iΠ
i +
N
2
η
ij
Fij
)
− v0π
0 − viπ
i − v′0
(
e
2
ϕ0 +
1
2
η
ij
Fij
)
− v′i
(
Πi − ηij (ϕj +NAj)
)}
, (21)
where H is given by
H = −
1
2
ϕ0η
ij
Fij −
e2
2
ϕ0φ
0 − A0
(
∂iΠ
i +
N
2
η
ij
Fij
)
+
e2
2
ϕiϕ
i
− π0∂iϕ
i − 2Ne2πiηijϕ
j − πi∂iϕ
0 − e2ηliΠ
i
ϕ
l + e2NϕlAl, (22)
and (u0, u
′
0), (v0, v
′
0, vi, v
′
i) are Lagrange multipliers enforcing the first and second class constraints respec-
tively. Hence, from the extended action we are able to identify the extended Hamiltonian given by
HE = H + u0Π
0 + u′0
(
∂iΠ
i +
N
2
η
ij
Fij
)
. (23)
It is easy to observe that in the limit e→ 0, the action (21) is reduced to a topological theory, this means, the
theory is reduced to a theory with diffeomorphisms covariance and laking of degrees of freedom as expected.
On the other hand, the equations of motion obtained from the extended action read
(δA0) : Π˙
0 = ∂iΠ
i + N
2
ηijFij ,
(δAi) : Π˙
i = ηij∂j{ϕ0 +NA0}+ η
ij∂jv
′
0 +Nη
ij∂ju
′
0 + e
2Nϕi,
(δϕ0) : π˙
0 = ∂iπ
i − e2v′0 − e
2ϕ0 + 1
2
ηijFij ,
(δϕi) : π˙
i = e2ϕi − ∂iπ0 − 2Ne2ηijπj − η
ijv′j + e
2ηilΠl − e
2NAi,
(δΠ0) : A˙0 = u0,
(δΠi) : A˙i = ∂iA0 − ∂iu
′
0 + v
′
i − e
2ηliϕ
l,
(δπ0) : ϕ˙0 = −∂iϕ
i + v0,
(δπi) : ϕ˙i = −vi − 2Ne
2ηijϕ
j − ∂iϕ
0.
9Finally, we will use Castellani’s algorithm in order to find the gauge transformations by means of the
generator G =
∫
d2x(ǫ˙γ1 + ǫγ2). Hence, the gauge transformations of the theory are given by
δ0ϕµ(x) = 0,
δ0π
µ(x) = 0,
δ0Aµ(x) = ∂µǫ,
δ0Π
µ(x) = ηiµN∂iǫ,
thus, the fields transform as
ϕ
′
µ −→ ϕµ,
π
′µ −→ πµ,
A
′
µ −→ Aµ + ∂µǫ,
Π′µ −→ Πµ +Nηiµ∂iǫ. (24)
It is important to remark that these results have not been reported in the literature. It is straightforward
to show that the action (1) is invariant under the transformations (24). On the other hand, we are able to
observe that (24) are U(1) gauge transformation of the connection field. In fact, the first class constraint
γ′0 is the generator of U(1) transformations.
In this manner, we have stablished all necessary tools to perform the quantization of the theory. Our
approach has been performed by following all the steps of Dirac’s formulation, we think that this approach
must be applied to other field theories just like general relativity in order to obtain control on its constraints.
Furthermore, a detailed hamiltonian analysis is the best guideline to perform progress of quantization.
III. HAMILTONIAN DYNAMICS FOR NON-ABELIAN THEORY
With the results obtained above, it is possible to generalize them for a non-abelian theory. We will perform
the Hamiltonian analysis by using the SU(N) group, hence, the action (1) which turns on to be
S[Aaµ, ϕ
a
ν ] =
∫
M
d3x
{
1
2
ε
µνρ
ϕaµF
a
νρ +
1
2
e
2
ϕaµϕ
aµ +
1
2
Nε
µνρ
A
a
µ
[
Faνρ −
1
3
fabcA
b
νA
c
ρ
]}
. (25)
where the manifoldM , the constants e and N have been defined above. Here, F aµν = ∂µA
a
ν−∂νA
a
µ+f
a
bcA
b
µA
c
ν
is the curvature of SU(N) and a, b, c corresponds to be SU(N) index. We have commented above, the analysis
of the action (1) is an important step because it could provide possible extensions to the analysis of quantum
dynamics of gravity in three dimensions, hence, our study becomes to be mandatory in order to make a
contribution for an eventual quantum interpretation of the theory (25).
So, we will present the relevant results emerged form the analysis. The canonical analysis of the action (25)
yields the following extended action
SE [ϕ
a
µ, π
µ
a , A
a
µ,Π
µ
a , u
a
0 , u
a
, v
0
a, v
a
i , v
′a
i , v
a] =
∫
dx
2
dt
{
ϕ˙
a
µπ
µ
a + A˙
a
µΠ
µ
a −H − u
a
0γ
0
a − u
a
γa
− va0χ
0
a − v
′a
i χ
′i
a − v
a
i χ
i
a − v
a
χa
}
, (26)
where H is given by
H = −
1
2
ϕa0η
ij
F
a
ij −
e2
2
ϕa0φ
a0 −Aa0
(
DiΠ
i
a +
N
2
η
ij(∂iAaj − ∂jAai) + fab
c
ϕ
b
iπ
i
c − fab
c
ϕ
0b
π
0
c
)
+
e2
2
ϕaiϕ
ai − π0aDiϕ
ai − 2Ne2πiaηijϕ
aj − πiaDiϕ
0a − e2ηliΠ
i
aϕ
al + e2NϕlaA
a
l , (27)
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ua0 , u
a are Lagrange multipliers enforcing the following first class constraints
γ
0
a = Π
0
a ≈ 0,
γa = DiΠ
i
a +
N
2
η
ij
Faij − fab
c
ϕ
0b
π
0
c + fab
c
ϕ
b
iπ
i
c ≈ 0. (28)
We would to comment, that the constraint γa is identified as the Gauss constraint for the theory, and it is
clear that its complete structure has not been reported in the literature. This step is important because
the correct identification of the constraints is the best guideline to perform the quantization. On the other
hand, v0a, v
a
i , v
′a
i , v
a are Lagrange multipliers enforcing the following second class constraints
χ
0
a = π
0
a ≈ 0,
χ
i
a = π
i
a ≈ 0,
χ
′i
a = Π
i
a − η
ij
ϕaj −Nη
ij
Aaj ≈ 0,
χa =
1
2
η
ij
Faij + ϕ
0
ae
2 ≈ 0. (29)
Now we calculate the constraints algebra, the non zero Poisson brackets among the constraints are given by
{χia(x), χ
′j
b (y)} = −η
ij
σabδ
2(x− y),
{χa(x), χ
′j
b (y)} = −σabη
li
∂lδ
2(x− y)− ηikfabgA
g
kδ
2(x− y),
{χa(x), γb(y)} = −fab
g
χg(x)δ
2(x− y) ≈ 0,
{γa(x), γb(y)} = fab
c
γc(x)δ
2(x− y) ≈ 0,
{γa(x), χ
′i
b (y)} = fab
c
χ
′i
c (x)δ
2(x− y) ≈ 0,
{γa(x), χ
i
b(y)} = −fab
c
χ
i
c(x)δ
2(x− y) ≈ 0,
{χ′ia (x), χ
′j
b (y)} = −2Nη
ij
σabδ
2(x− y), (30)
where σab is the metric of SU(N). We observe from Poisson’s brackets that the algebra is closed. In fact,
γ0a, γa are first class, while χ
0
a, χ
i
a, χ
′i
a , χa are second class constraints as is expected.
All those results allowing us to perform the counting of physical degrees of freedom as follows: There are
12(N2− 1) canonical variables, 2(N2− 1) first class constraints and 6(N2− 1) second class constraints, thus
the physical degrees of freedom are (N2 − 1).
From the constraint algebra (30), we are able to identify the Dirac brackets for the theory, by observing that
the matrix whose elements are only the Poisson brackets among second class constraints is given by
Cαβ =


0 0 0 ϕ0a
0 0 −ηijσabδ
2(x− y) 0
0 ηijσabδ
2(x− y) −2Nηijσabδ
2(x− y) σabη
li∂lδ
2(x− y)− ηikfabgA
g
kδ
2(x− y)
−ϕ0a 0 0 0


.
(31)
In this manner, the Dirac bracket among two functionals A, B is expressed by
{A(x),B(y)}D = {A(x),B(y)}P +
∫
dudv{A(x), ζα(u)}C−1αβ (u, v){ζ
β(v), B(y)}, (32)
where {A(x),B(y)}P is the usual Poisson bracket between the functionals A,B, ζ
α(u) = (χIJ
a, χIJ
ab),
with C−1αβ (u, v) being the inverse of (31) which has a trivial form. It is well known that Dirac’s bracket (32)
will be an essential ingredient to make progress in the quantization of the theory [15–17].
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IV. CONCLUDING REMARKS
In this paper, we have performed a complete Hamiltonian analysis of abelian and non-abelian topological
extensions of YM in three dimensions purposed by Govaerts. Our work was developed by following all steps
of Dirac’s formulation without ignoring some of them; our approach allowed us to report the full structure
of the constraints, the extended action and the extended Hamiltonian, all these results were not reported
in [7]. Hence, we have established the bases to perform the quantization of the theory by means canonical
or path-integral formulations; we need to remember that the correct identification of the constraints, the
extended action and Dirac’s brackets, is the best guideline to perform the study of quantization and the
identification of observables of the theory. In this respect, our approach allowed us identify all the Lagrange
multipliers and then we could construct the Dirac’s brackets, thus, we are able to study the observables
of the theory, also this step was not reported in [7]. Our results are generic and can be extended for a
four-dimensional theory, in fact, in four dimensions the topological generalizations of YM could provide
generalized QCD theories and they could be amenable to test, therefore, our results also contribute to the
particle phenomenology. We finish this paper with some remarks; with the present work, we have at hand a
better classical description of the theories studied, thus the approach developed along the paper is an alter-
native way to perform a pure Hamiltonian framework for any theory under study. We are able to observe
alternative approaches in [18, 19], where in the former Dirac’s study for Palatini and the later for Pleban´ski
theories were performed; however those studies were not a pure Hamiltonian analysis as the present work. In
this sense, we expect that our approach will be an good alternative way to study the symmetries of Plebanski
action, expecting to obtain a better description. Therefore, the approach developed along this paper
could be useful in that direction, all those ideas are in progress an will be reported in forthcoming works [20].
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